By utilizing homomorphisms and G -strong semilattice of semigroups, we show that the Green ( )
Introduction and Preliminaries
It is well known that the usual Green's relations on a semigroup S play an important role in the study of the structure of regular semigroups [1] [2] [3] [4] [5] [6] [7] . Especially, the well-known theorem of A. H. Clifford states that a semigroup is a completely regular semigroup if and only if it can be expressed as a semilattice of completely simple semigroups (see [1] ), where a completely regular semigroup is a semigroup whose  -class contains an idempotent. By using this result, A. H. Clifford, M. Petrich both showed that a completely regular semigroup S with its Green's relation  is a normal band congruence if and only if S is a strong semilattice of complete simple semigroups [3] . On the other hand, J. B. Fountain generalized the Clifford theorem by showing that an abundant semigroup is a superabundant semigroup, that is, an abundant semigroup S with every *  -class of S contains an idempotent of S if and only if S is a semilattice of completely *  -simple semigroups. We first recall some of the generalized Green's relations which are frequently used to study the structure of abundant semigroups. The following Green * -relations on a semigroup S were originally due to F. Pastijn [8] and were extensively used by J. B. Fountain to study the so called abundant semigroups in [9] . Let S be an arbitrary semigroup. Then, we define In order to further investigate the structure of non-regular semigroups, we have to generalize the usual Green's relations. For this purpose, J. B. Fountain and F. Pastijn both generalized the Green's relations to the so called Green * -relations in [8] and [9] , respectively and by using these Green * -relations, many new results of rpp -semigroups and abundant semigroups have been obtained by many authors in [10] [11] [12] [13] [14] [15] [16] [17] [18] . For the results of all other generalized Green's relations and their mutual relationships, the reader is referred to a recent paper of Shum, Du and Guo [17] .
In this paper, we introduce the concept of the Green ( ) , * ∼ -relations which is a common generalization of the Green * -relations and the   relation. We also introduce the concept of the G -strong semilattice of semigroups and give the semilattice decomposition of a r -ample semigroup whose , * ∼  is a congruence. By using this decomposition, we will show that a semigroup S is a r -ample semigroup whose We first generalize the usual Green's relations and the Green * -relations to the Green ( )
. with a S ∈ , we have 0 0
x xx x x = = . If a semigroup S is a regular semigroup, then every  -class of S contains at least one idempotent, and so does every  -class of S . If S is a completely regular semigroup, then every  -class of S contains an idempotent, in such a case, every  -class is a group. A semigroup S is called an abundant semigroup by J. B. Fountain in [9] if every *  -and *  -class of S contains an idempotent. One can easily see that * =   on the regular elements of a semigroup. Therefore, all regular semigroups are obviously abundant semigroups. As an analogy of the orthodox subsemigroup in a regular semigroup, a subsemigroup in an abundant semigroup is called a superabundant semigroup [9] It is recalled that a regular band is a band that satisfies the identity axya axaya = . For further notations and terminology, such as strong semilattice decomposition of semigroups, the readers refer to [2, 3] . For some other concepts that have already appeared in the literature, we occasionally use its alternatives, though equivalent definitions.
Properties of r-Ample Semigroups
A completely simple semigroup is a  -simple completely regular semigroup whose Green's relation  is a congruence on S , as a natural generalization of this concept, we call a r -ample semigroup S a completely .
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Now, by symmetry, we get 
We need the following crucial lemma. If φ is a homomorphism between two completely , * ∼  -simple semigroups. Then the Green ( ) 
G-Strong Semilattice Structure of r-Ample Semigroups
In this section, we introduce the G -strong semilattice of semigroups which is a generalization of the well known strong semilattice of semigroups. . Let a S α ∈ , there exists a unique element
e S α β ∈ , then , eax ax xae xa = = , ea ae = and ( )
Proof. 1) By Lemma 13 2) and Lemma 10 1), for any
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